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Na osnovu Curry-Howardove korespondencije ovaj sistem je ekvivalentan sistemu prirodne dedukcije
za intuicionističku iskaznu logiku ([2]). Poznat je rezultat o saglasnosti i potpunosti intuicionističke
iskazne logike i Kripkeovih semantika ([3]). Prateći ideju Kripkeovih semantika za intuicionističku
iskaznu logiku ([3]) i Kripkeovih semantika za lambda račun sa osnovnim tipskim sistemom ([4]),
definišemo Kripkeove semantike za lambda račun sa parovima i sumama. Saglasnost lambda računa
sa predloženim semantikama smo dokazali indukcijom po dužini izvođenja (tipiziranja). Za dokaz
potpunosti koristili smo konstrukciju kanoničkog modela. Kanonički modeli su posebna klasa mod-
ela koja se najčešće definiše na osnovu nekog skupa tako da zadovoljava samo formule koje pripadaju
tom skupu. Potpunost je direktna posljedica postojanja kanoničkog modela i gore navedene osobine.
Cilj je da proširimo ovaj sistema na sistem u kome ćemo moći zapisati rečenicu „vjerovatnoća da
term M ima tip σ je veća ili jednaka
2
3
”. Osnova ovog sistema će biti lambda račun sa parovima
i sumama za koji smo definisali Kripkeove semantike i dokazali saglasnost i potpunost tipiziranja i
navedenih semantika.
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Some compositions of distributions in neutrix calculus
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In this presentation some new contributions in neutrix calculus will be presented. The obtained
results reffer to some pairs of distributions for which the composition and the convolution product
can not be calculated in normal sense. The main objective is the application of the basic definitions
in the neutrix calculus, in order to calculate composition and convolution product of distributions
which not exist in usual sense. On this way the set of pairs of distributions for which these types
of products can be calculated, is extended.
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Neutrix calculus
NEUTRIX CALCULUS
Van der Corput has used the Hadamard finite part in his asymptotic
researches.
In 1959 Van der Corput in Introduction to the neutrix calculus has
established the Neutrix calculus.
-In the 80’s in the previous century, Brian Fisher has extended the
definitions about products, compositions and convolution products to
larger class of distributions by using of the Neutrix calculus.
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Neutrix calculus
NEUTRIX CALCULUS
Application of the Neutrix calculus
In the theory of quantum fields in order to obtain finite results for
the coefficients in perturbation series, by Jack Ng and van Dam.
Slawomir Sorek has used the neutrix product of the distributions in
non-linear systems in electronics, signal processing and also in
the telecommunications.
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Neutrix calculus
NEUTRIX CALCULUS
By van der Corput:
Definition
Let N ′ be a set and let N be a commutative, additive group of functions
mapping N ′ into a commutative, additive group N ′′. If N has the
property that the only constant function in N is the zero function, then
N is said to be a neutrix and the functions in N are said to be
negligible.
The condition that the constant function in N is only zero function is
called neutrix condition.




Let f (ξ) be a real (or complex) valued function defined on N ′ and
suppose it is possible to find a constant l such that f (ξ)− l is negligible




f (ξ) = l .
If the neutrix limit l exists, then it is only one.
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Neutrix compositions of distributions
Neutrix compositions of distributions
In the Schwartz’ theory of distributions:




Antosik and Fisher have made many tries in order to extend the
definitions for composition of distribution F and locally integrable
function f in the same way like composition of two distributions is
defined.
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Neutrix compositions of distributions
Neutrix compositions of distributions
Antosik:
The regular Temple’s sequences are defined as δ-sequences
δn(x) = nρ(nx) for n = 1,2, . . . and they converge to Dirac δ function
(as distribution).
ρ(x) is fixed infinitely differentiable function on R, with the following
properties:
ρ(x) = 0, |x | ≥ 1,
ρ(x) ≥ 0,
ρ(x) = ρ(−x),∫ 1
−1
ρ(x)dx = 1.
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Neutrix compositions of distributions
Neutrix compositions of distributions
Let F is distribution in D′ and if Fn(x) = 〈F (x − t), δn(x)〉, then Fn(x) is
regular sequence of infinitely differentiable functions which converges
to F (x).
Definition
Let f ,g ∈ D′. We said that the distribution g(f (x)) exists and it is equal
to h(x) on R if the sequence from compositions {gn(fn)} converge to
the distribution h(x).
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Neutrix compositions of distributions
Neutrix compositions of distributions







δ2 + 1 = 1 + δ
(iii) log (1 + δ) = 0
(iv) sin δ = 0
(v) cos δ = 1
(vi) 1
1+δ = 1.
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Neutrix compositions of distributions
Neutrix compositions of distributions
We used the following definition:
Definition
Let F is a distribution in D′ and let f is locally integrable function. It is
said that the neutrix composition F (f (x)) exists and is equal to h on





Fn(f (x))ϕ(x)dx = 〈h(x), ϕ(x)〉 (2)
for all test functions ϕ in D[a,b], where N is a neutrix with domain
N ′ = Z+, range N ′′ = R and negligible functions
nλ lnr−1 n, lnr n : λ > 0, r = 1,2, . . . (3)
and all functions which converge to 0 in the usual sense, when n tends
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Neutrix compositions of particular distributions
1 L.Lazarova, B.Jolevska-Tuneska, I.Akturk, E.Ozcag, Note on the
distribution composition (xµ+)
λ, Bulletin of the Malaysian
Mathematical Sciences Society, Springer, (2016), pp.1-13;
2 E.Ozcag, L.Lazarova, B.Jolevska-Tuneska, Defining compositions
of the distributions xµ+, |x |µ, x−s and x−s ln |x | as a neutrix limit of
regular sequences, Communications in Mathematics and
Statistics, Volume 4, Issue 1, Springer Berlin Heidelberg, (2016),
pp.63-80.
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Neutrix compositions of particular distributions
Neutrix composition of the distributions xλ and xµ+ for
λ = −1,−2, . . . , µ > 0 and λµ ∈ Z−
The local integrable functions xλ+, xλ−, |x |λ for λ > −1 are defined with:
xλ+ =
{
xλ, x > 0,
0, x < 0
, xλ− =
{
|x |λ, x < 0,
0, x > 0
, (4)
and |x |λ = xλ+ + xλ−.
The distributions xλ+ and xλ− are defined for λ < −1, λ 6= −2,−3, . . .





′ = −λxλ−1− and distribution |x |λ is defined
with |x |λ = xλ+ + xλ−.
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Neutrix compositions of particular distributions
Neutrix composition of the distributions xλ and xµ+ for
λ = −1,−2, . . . , µ > 0 and λµ ∈ Z−








for r = 1,2, . . . ,
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Neutrix compositions of particular distributions
Neutrix composition of the distributions xλ and xµ+ for
λ = −1,−2, . . . , µ > 0 and λµ ∈ Z−





0, 0 ≤ i < s












vs ln |v |ρ(s)(v)dv = 1
2
(−1)ss!φ(s) + (−1)ss!c(ρ) (8)
1∫
0
vs ln(1− v)dv = −φ(s)
s
. (9)
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Neutrix compositions of particular distributions
Neutrix composition of the distributions xλ and xµ+ for
λ = −1,−2, . . . , µ > 0 and λµ ∈ Z−










k , s ≥ 1
0, s = 0
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Neutrix compositions of particular distributions
Neutrix composition of the distributions xλ and xµ+ for
λ = −1,−2, . . . , µ > 0 and λµ ∈ Z−





−m = x−s+ −(−1)s




for µ > 0, m = 1,2, . . . and µm = s(s ∈ Z+).
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Neutrix compositions of particular distributions
Neutrix composition of the distributions xλ and xµ+ for
λ = −1,−2, . . . , µ > 0 and λµ ∈ Z−









for µ > 0,m = 1,2, . . . and µm = s ∈ Z+.
Corollary: Let by Fr (x) we denote the distribution x−r− , then the
distribution Fr (x
1/r






= x−1+ − (−1)r r ![2c(ρ) + φ(r − 1)]δ(x) (12)
for r = 1,2, . . . , where φ(r) and c(ρ) are defined in the previous
lemma.
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Neutrix compositions of particular distributions
Neutrix composition of the distributions xµ+, |x |µ, x−s and x−s ln |x |
We have proved that:
Theorem
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Neutrix compositions of particular distributions
Neutrix composition of the distributions xµ+, |x |µ, x−s and x−s ln |x |
The result is given in:
Theorem





for µ > 0, s = 1,2, . . . , where µs = m = 1,3,5, . . . , and
(|x |µ)−s− = 0 (15)
for µ > 0, s = 1,2, . . . , where µs = m 6= 1,3,5, . . . .
Special case (|x |
1
s )−s− = 2sc(ρ)δ(x).
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Neutrix compositions of particular distributions
Neutrix composition of the distributions xµ+, |x |µ, x−s and x−s ln |x |
By using of the theorem which refers to the compositions (xµ+)
−s, the
corollaries follow:
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Neutrix compositions of particular distributions
Neutrix composition of the distributions xµ+, |x |µ, x−s and x−s ln |x |
Corollary: The composition of the distributions (|x |µ)−s+ exists and




for µ > 0, s = 1,2, . . . and µs = m = 1,3,5, . . . , and
(|x |µ)−s+ = |x |−m + L∗m,sδ(m−1)(x) (18)
for µ > 0, s = 1,2, . . . and µs = m 6= 1,3,5, . . . .
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Neutrix compositions of particular distributions
Neutrix composition of the distributions xµ+, |x |µ, x−s and x−s ln |x |
By Fisher and Nicholas the following theorem is proved:
Theorem
The composition of the distributions (x r+)−s exists and
(x r+)
−s = x−rs+ + Kr ,sδ
rs−1)(x) (19)
for r , s = 1,2, . . . , where Kr ,s = (−1)rs−1 (−1)ss![2c(ρ)+φ(s−1)]+rsφ(rs−1)(rs)! .
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Neutrix compositions of particular distributions
Lemma:
If ϕ is arbitrary function in D[−1,1] . Then:













i!(s − i − 1)
− φ(s − 1)ϕ
(s−1)(0)
(s − 1)!
, s = 1,2, . . . , (20)
〈x−s+ ln x+, ϕ(x)〉 =
1∫
0
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Neutrix compositions of particular distributions
Neutrix composition of the distributions xµ+, |x |µ, x−s and x−s ln |x |
We have proved the following theorem:
Theorem
The composition of the distributions x−s ln |x | and x r+ exists and
(x r+)
−s ln |x r+| = rx−rs+ ln x+ + K ∗r ,sδ(rs−1)(x), (22)








2(s−1)! + φ(s − 1)[Kr ,s + φ(rs − 1)]}.
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Neutrix compositions of particular distributions
Thank You For Your Attention
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